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Quantum conductance in narrow channels has been well understood by using the two-dimensional
electron gas, a model system which has been realized in semiconductor heterojunctions. An essential
property of this electron gas is its ability to support a constriction of width comparable to the Fermi
wavelength, a property not shared by even thin metal films. The advent of scanning tunneling
microscope has made possible the fabrication of metallic wires of atomic widths. We investigate
one-dimensional wires consisting of aluminum atoms, to be specific. Using the first-principles
density functional calculations, we obtain the optimal structures and report the bonding as deduced
from the charge density analysis. With the calculated electronic structure in hand, we discussed the
quantum ballistic transport using channel capacity arguments motivated by the Heisenberg’s
uncertainty principle. By comparing our results with the detailed pioneering calculations by Lang,
we inferred an average value for channel transmitivity and touched upon material specific contact
resistance. Finally, the validity of the Wiedemann–Franz law in the quantum domain is established
by studying thermal conductance in nanowires. ©2002 American Vacuum Society.
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I. INTRODUCTION
Advances in nanofabrication and the emerging novel re-
sults are in the domain where concepts in quantum physics
are required for their explanation. Earlier, much of the work
on conductance quantization was carried out on GaAs–
AlGaAs heterostructures supporting a thin conducting layer
at the interface.1,2 The reason is that for the quantization
effects to be observable, the constriction width must be in the
range of the Fermi wave lengthlF . The Fermi wavelength
of the electrons, in the semiconductor heterostructures can be
estimated from the two-dimensional charge density
(;1015/m2), and it turns out to be several hundred Å. A
constriction of this width can be easily created by applying a
negative confining gate voltage in one direction. The carriers
are then free to move only in the orthogonal direction, mak-
ing the system quasi-one dimensional~1D!. By changing the
value of the gate voltage, the constriction width can be var-
ied and hence the conductance quantization can be studied as
a function of the constriction width. Also, for ballistic trans-
port, the elastic mean free path should be longer than the
constriction length, a condition easily met in semiconductor
heterostructures. That is the reason for the first confirmation
of conductance quantization coming from semiconductor
heterostructures.
For thin metal films, the Fermi wavelength is about 1 Å.
If any quantization effects are to be studied in the metallic
systems, one must first create contacts of atomic dimensions.
Ordinary metal films even of submicron widths (w) fail to
show any quantization conductance jumps3–5 becauselF
!w. The discovery of scanning tunneling microscope by
Binning et al.6 changed all this. One can now routinely pro-
duce atomic size wires.7,8 Stable gold monoatomic chains
suspended between two gold electrodes have also been ob-
tained by stretching gold nanowires.9,10
The stable structural arrangement of atoms in 1D nano-
wires have been recently published for many different types
of atomic chains. The first-principles calculations for Au by
Portal et al.11 showed that infinite, as well as finite, gold
atomic wires between two gold electrodes favor the planar
zigzag geometry. In a more recent comparative study,12 Au,
Cu, Ca, and K infinite chains were found to form planar
zigzag structures with equilateral triangular geometry; only
the Au chain has a second zigzag structure with a wide bond
anglea5131°. All these atoms are similar because of their
s-type outermost valence orbitals.
We expect a chain of aluminum atoms to display a differ-
ent behavior since an Al atom has 32 p1 valency. Our focus
here primarily is on the electronic conductance through 1D
aluminum wires. Structural arrangements of atoms is a pre-
requisite for such an analysis. In this connection, we will
briefly review our recent findings13 about geometrical ar-
rangements and provide additional results. The expected con-
ductance values for Al nanowires will then be discussed.
We will remind the readers that the conductance quanti-
zation value14,15 or the maximum channel capacity can be
derived directly from the Heisenberg’s uncertainty principle.
But more significantly, some justification will be provided
for this derivation. We draw upon the pioneering results ob-
tained by Lang16,17 for Al and Na atomic wires consisting of
only a few atoms in length and point to material specific
contact resistance effects embodied in his calculations. His
results enable us to deduce an approximate value for an av-
erage channel transmitivity. In Sec. IV, the validity of the
Wiedemann–Franz law in the quantum domain is establisheda!Electronic mail: ipbatra@uic.edu
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by studying thermal conductance in nanowires. A short sum-
mary of our results is presented in the closing section.
II. GEOMETRICAL AND ELECTRONIC STRUCTURE
OF 1D ALUMINUM WIRES
All our calculations were performed in the framework of
the density functional theory in conjunction with ultrasoft
Vanderbilt type pseudopotentials.18 The well known VASP
code19 was employed for the numerical calculations. The
variation of the total energyET , of the atomic Al chain for
the fully relaxed Al chains are shown in Fig. 1. The energy
was obtained from the relation,ET5@E(Al-wire)
2nEAl#/n, where the total energy ofE~Al-wire! was calcu-
lated usingn atoms in the unit cell, andEAl is the Al atomic
energy. The geometry of these structures is shown by insets.
The z axis was taken along the Al chain axis, andy axis ~x
axis! is perpendicular to~in! the plane of zigzag structure.
The cohesive energyEC52ET .
The zigzag geometry displays two minima; one occurs at
s51.26 Å and has cohesive energyEC52.65 eV/atom; the
other has shallow minimum and occurs ats52.37 Å with
cohesive energyEC51.92 eV/atom. The high cohesive en-
ergy zigzag structure~specified asT! having the bond length
d52.51 Å, and the bond anglea;60° forms equilateral
triangles. This geometry allows for four nearest neighbors.
The low cohesive energy zigzag structure~specified asW!
hasd52.53 Å and wide bond anglea;139°, and allows for
only two nearest neighbors with bonds slightly larger than
those of theT structure. It is worth noting that cluster calcu-
lations for Al have also reported20 that the most stable iso-
mers for Al3 form an equilateral triangle. The calculated
bond lengths in the range of 2.3–2.6 Å are rather similar to
our value for theT structure. No stable cluster corresponding
to the local arrangement in ourW structure has been re-
ported. The reason for this is that in an infinite structure,
each Al atom can form twos bonds and one~weak! p bond.
In a wide bond angle Al3 cluster, there is the cohesion energy
loss corresponding to at least ones bond. The minimum
energy of the linear infinite chain structure (a5180° and
denoted asL! has relatively short bond length,d5s52.41 Å.
It is ;0.05 eV above the minimum energy of theW structure
and has cohesive energyEC51.85 eV/atom. Our results for
Al are similar to those reported for Au atomic chain.12
Among the planar 1D structures, the lowest energy is the
equilateralT structure. This structure can be viewed as if two
parallel linear chains with an interchain distance (sA3) of
2.17 Å are displaced bys along thez direction. This chain is
two-atom wide along thex direction~periodic alongz with a
period of 2.52 Å! and is confined to thezx plane. An impor-
tant lower energy quasi-1D structure consists of two perpen-
dicular dumbbells~A and B! for a total of four atoms per unit
cell. This structure, labeled as C in the inset of Fig. 1, was
first reported by Gu¨lserenet al.21 The optimized length of
dumbbell B~4.15 Å! is calculated to be considerably longer
than that of the dumbbell A~2.8 Å! in the chain formed by
the ABABA . . . . sequence of these dumbbells. An Al atom in
dumbbell A forms a total of five bonds~one with the other
atom in A, two with atoms in B above, and two with atoms in
B below!. Aluminum atom in dumbbell B forms only four
nonplanar bonds since it has large intra-atomic distance.
The origin of theC structure can be understood by look-
ing at the local arrangement of the four atoms forming a
parallelopiped in theT structure. The atoms along the short
diagonal can be viewed as forming a dumbbell of length 2.5
Å, while those along the long diagonal separated by 4.34 Å
can be thought of as forming B. Since the triangles are equi-
lateral in theT structure, the ‘‘dumbbells’’ are mutually or-
thogonal to begin with. Upon energy optimization, the big-
gest effect is that these dumbbells become noncoplanar with
an interplanar separation of 1.28 Å. The variation of the co-
hesive energy as a function of interplanar separation,u is
hown as an inset in Fig. 1. The maximum cohesive energy
of theC structure is 3.04 eV/atom, is higher than theT struc-
ture. It occurs whenu5s51.28 Å and the structure is peri-
odic with a period equal to twice the interplanar separation.
A qualitative explanation is due to the increased coordina-
tion.
One key question that must be addressed regarding the
geometrical arrangement for 1D chains has to do with the
Peierls distortion. Since all 1D metallic structures are ex-
FIG. 1. Calculated total energyET(52EC) of infinite Al chains with linear,
planar ~wide-angle and equilateral triangles! and nonplanar~cross! struc-
tures. Calculated cohesive energy of bulk Al is indicated by an arrow. Rel-
evant structural parameters, bond lengthd, bond anglea, etc., for the equi-
lateral triangular~T!, wide-angle~W!, and nonplanar cross~C! structures are
given as insets. Another inset shows energy variation of theC structure for
moving one of the dumbbells along the length of the infinite chain while
keeping the lattice constant fixed in that direction. The distance between the
two dumbbells isu, the lattice constant was fixed at 2.56 Å.
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pected to distort to give a Peierls gap at the zone edge, the
conductance would be simply zero. Yet, we see a finite con-
ductance. The answer obviously lies in the magnitude of the
gap. To test this, we investigated the linear geometry using
four Al atoms per unit cell to allow for Peierls distortion. A
linear chain of uniformly spaced Al atoms~interatomic dis-
tanced! has a doubly degenerate band which crossesEF at
6p/4d and is one quarter filled. Simply making the unit cell
four times longer causes the doubly degenerate band to meet
EF at the reduced zone edge. Due to folding, it is four-fold
degenerate at this point and is half filled. Peierls condition is
now precisely met and an internal rearrangement of the at-
oms should take place to change the crystal potential, which
will lead to band splitting and a lowering of the total energy.
In fact, this is precisely what happens when an energy
optimization calculation is carried out, allowing the atoms in
the unit cell to move. A 4d distortion where atoms located at
d and 3d move away from the central Al atom~located at 2d!
by small amounts is found to be the lowest energy arrange-
ment. The energy of the distorted chain was27.4748 eV,
only 1024 eV lower than the energy of the uniform chain.
The band splitting at the zone edge due to this 4d distortion
was found to be 231024 eV and is at the limit of our cal-
culational accuracy. The conclusion is that the band splitting
due to Peierls distortion is negligible, and under finite bias
conditions, can be safely ignored.
The nature of the bonding for 1D structures was discussed
earlier.13 It was found that in going from three-dimensional
~3D! to 1D the bonds become directional in the 1D struc-
tures. The charge accumulation between atoms arises prima-
rily from the s states~formed by 3s13pz orbitals!. It was
noted that the charge distributions of the Al—Al bond dif-
fered from the corresponding charge distribution of Au zig-
zag structures as the latter showed no directional bonds. The
C structure, which is quasi-1D, starts to show some signs of
delocalized charge distribution. Figure 2 presents the charge
density contour plots along with a perspective of theC struc-
ture. Charge distribution is shown in planes containing
dumbbells A, B, and a plane half way in between. In the
plane containing dumbbell A, there is high charge density
throughout, while in the plane of dumbbell B, there is re-
duced charge density in the middle consistent with the ab-
sence of a bond between atoms forming B. All the bonds
emerging from each atom are still clearly visible but we infer
slight delocalization from charge contours in the middle of
Fig. 2~c!. This is reasonable, since with increased dimension-
ality, one should expect the emergence of metallic bonds.
The electronic band structure of Al zigzag chains can be
understood by examining Fig. 3. Since the zigzag chains
have two atoms per unit cell, we first show the folded bands
for the uniform linear chain containing two atoms per unit
cell, in Fig. 3~a!. Recall that a linear chain of uniformly
spaced Al atoms has a doubly degenerate band which crosses
EF at 6p/4d and is one quarter filled. Doubling the size of
the unit cell causes bands folding and the doubly degenerate
band appears at the middle of reduced zone and is one half
filled. The zone edge in this case lies atZ5p/2d. One no-
tices from Fig. 3~a! that there are two filleds-bands which
arise from the 3s13pz valence orbitals. Thep band cross-
ing the Fermi level is doubly degenerate since 3px and 3py
are equivalent. This facilitates comparison with the bands of
the zigzag structures, which actually contain two atoms per
unit cell. The symmetry between 3px and 3py orbitals is
broken in the zigzag structure, and hence thep band is split.
The p bands for theT structure@shown in Fig. 3~b!# are
lowered, and the shape of thes bands changes significantly
due to the equilateral triangular geometry. Two bands still
FIG. 2. Charge density contours for theC structure in three different planes:
~a! in the plane of the short dumbbell A,~b! in the plane of the long dumb-
bell B, and~c! halfway between the planes of the two dumbbells. Depletion
of charge density in between the two atoms of dumbbell B in panel~b! is
consistent with absence of any bond between them. Contours in panel~c!
indicate more delocalization of charge as compared to the linear chain~d!
perspective of the C chain labeling dumbbells A and B.
FIG. 3. Electronic band structures of~a! infinite linear chain with two atom
unit cell and~b! T structure. In both cases, two bands cross the Fermi level.
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cross the Fermi level. Brandbygeet al.22 report that three
bands~one is doubly degeneratep band! cross the Fermi
level for an Al chain of uniform interatomic distance 2.86 Å.
This has a profound effect on the quantum conductance
value to be discussed later. Thus, it is important to obtain the
proper optimized structures if one wants to compare to likely
observed conductance values.
The bands for theC structure are easy to understand if the
uniform chain bands are redrawn, as in Fig. 4~a!, in a re-
duced zone fromG to Z5p/4d corresponding to four atoms
per unit cell. The foldings cause the doubly degeneratep
band to appear at the reduced zone-edge,Z, where it has
four-fold degeneracy, and is one half filled. As discussed
herein, a small gap opens up at the zone edge due to Peierls
distortion but can be safely ignored as it has no observable
consequences. The computed bands for theC structure are
shown in Fig. 4~b!. All bands belowEF are nondegenerate.
There are two bands which cross the Fermi level. It is noted
that the bands in all optimized chain structures are similar,
certainly as far as the number of bands crossing the Fermi
level is concerned.
III. CONDUCTANCE QUANTIZATION
In 1957, Landauer23 introduced a novel way of looking at
conduction as transmission. His famous formula was a major
breakthrough in the conductance studies in mesoscopic sys-
tems and the concepts have been thoroughly discussed in
several books.3–5 Based on the self-consistency arguments,
namely the current flow changes the carrier density on two
sides of the barrier, for a 1D conductor he derived the con-
ductanceGb5(2e
2/h)T/R, whereT andR512T are trans-
mission and reflection coefficients, respectively. This for-
mula gives the intuitively appealing result thatGb→` as
R→0, as one might expect in the absence of any scattering.
The measured finite conductance arises by recognizing3 that
this formula only gives the conductance of a barrier,Gb in a
1D conductor and leaves out any contact effects. The con-
ductance measured between two planes deep into the con-
tacts within which the finite length conductor is placed is
given3–5,22–24by G5(2e2/h)T. This includes the contact re-
sistance (h/4e2 per contact! or the contacts conductanceGc
52e2/h. We can readily verify thatG215Gc
211Gb
21 . Ac-
cordingly, even for perfect transmission,T;1 the conduc-
tance is still finite and is equal to 2e2/h. The corresponding
resistanceR05G0
215h/2e2512.9 kV is attributed to the re-
sistance arising from the reflections at the contacts. It appears
that the contact resistance is independent of the material or
the nature of contact. Based on the work of Lang,16,17we will
remind the readers that this is not so.
As stated herein, the conductance per channel,G
5(2e2/h)T, and can have a maximum value ofG0 for an
ideal ballistic channel. We can motivate this value of quan-
tum conductance by appealing to the Heisenberg’s uncer-
tainty principle.14 Recalling that conductanceG5I /DV, and
I 5DQ/Dt, then for a single channel in extreme quantum
limit DQ5e. One can readily writeG5e2/DEDt. Now in-
voking the uncertainty principle,DEDt>h, one getsG
<2e2/h. Here, the factor of two is due to spin. The maxi-
mum conductance per channel or the channel capacity can-
not exceedG0 .
One might ask if there is any justification for invoking the
uncertainty principle. We believe that such a beautiful ex-
pression for conductance in terms of just two fundamental
constants,e andh, must have its origin in something rather
fundamental. Even detailed 3D model potential
calculations25 end up with the same maximum channel ca-
pacity.
We attempt to justify that the invocation of the uncertainty
principle is not just ad hoc. For this, we examine one par-
ticular derivation of the conductance formula for a constric-
tion ~of width w and lengthL! in terms of density of states.
For this quasi-1D system, the electrons are confined alongw
~either by a gate voltage or by the physical termination of the
sample! but behave as free electrons alongz. One calculates
the current density carried by each transverse channel and
multiplies that with the number of channelsN; 2w/lF ,
where w is the strip width transverse to the current flow
direction. The current density4 in each channel,J5ensVd
5enFVF , involves either electron drift velocityVd or veloc-
ity VF associated with the channel at the Fermi energy. Here
ns is the areal electron density andF is a fraction thereof
reduced by the factor (Vd /VF).
The number of carriers,nF , which carry the current, mov-
ing at the Fermi velocity, can be expressed22 in terms of the




m2 are the chemical potentials of the reservoirs between
which the current flows. If one writes for the density of states






FIG. 4. Electronic band structures of~a! infinite linear chain with four atoms
unit cell ~b! C structure with two dumbbells per unit cell.
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where the other factor of two arises from the left- and right-
hand side moving electrons (6p). The density of states at





When we substitute this value in the expression for the total










It then becomes clear as to why it is possible to derive an
expression for conductance using the uncertainty principle.
The density of states itself embodies the uncertainty prin-
ciple. The statement is sometimes made that the density of
states drops out of the calculation. A more accurate statement
would be that it is only the channel velocity that cancels out,
but the factorDzDp;h is still left behind.
Our interlude with the uncertainty principle not with-
standing, it is well accepted16,17,22that for 1D systems, each
spin-degenerate band which crosses the Fermi level, pro-
vides one conduction channel which gives rise to 1G0
5(2e2/h) conductance ifT51. Accordingly, our band struc-
ture calculations project for the ideal ballistic conductance of
1D Al structures to be 2G0 . Lang
16 performed elaborate
first-principles calculations for the conductance of one to
three Al atoms placed between two planar metallic elec-
trodes. He reported values for resistance of 6.6, 9.0, and 8.3
kV for wires consisting of 1, 2, and 3 atoms, respectively.
For three atoms, the corresponding conductance is 1.6G0 If
we assume that three Al atoms represent a limiting value,
thenT.0.8 converts our ideal value to a more realistic one.
This association is not nearly as clear cut as we have made it
out to be. For one thing, Lang’s calculation may involve a
different number of conductance channels in the three atoms
case than obtained in our periodic optimized zigzag chains.
Also, the transmitivity is likely to depend on the nature of
the channel.
Lang17 also performed resistance calculations for Na
atomic wires consisting of 1–4 Na atoms placed between
macroscopic metallic electrodes. The resistance values for
Na he obtained are 33, 16.5, 19, and 17.5 kV for wires con-
sisting of 1, 2, 3, and 4 atoms, respectively. These resistance
values are large compared to Al wires. One reason for this is
that Na has only one conduction channel. The conductance
values for Na atomic wires are all fractional when expressed
in terms ofG0 . It is 0.4 for one atom and rises to 0.8 for two
atoms and essentially saturates there, again suggesting an
averageT.0.8. Resistance values for single atoms of Al~6.6
kV) and Na~33 kV) placed between electrodes are wildly
different. This shows that contact resistance, which domi-
nates the one atom case, is highly material and contact spe-
cific. These differences are easy to reconcile in terms of the
resonant tunneling calculations of Kalmeyer and Laughlin.25
They find that the maximum value of the~differential! con-
ductance on resonance is indeedG0 for all tunnel barriers.
The resonance, in general, will not coincide with the Fermi
level, and thus depending on the atom different values can be
explained.
IV. WIEDEMANN–FRANZ LAW IN NANOWIRES
In order to derive the Wiedemann–Franz law for nano-
wires, we must first calculate the thermal conductance aris-
ing from the thermal energy transported by electrons as they
move between reservoirs held at different temperatures. An
important observation in this regard is that the quantum of
thermal conductance can also be obtained~within a numeri-
cal factor! as a consequence of the Heisenberg’s uncertainty
principle.15 One might argue that this indeed should be the
case since the current carrying channels are also the ones that
transport the thermal energy. This is essentially correct, ex-
cept that for thermal conductance there should be no net
electric current. Thus, an electron moving from a reservoir at
a higher temperature must be compensated26 by a colder
electron.
The steady state heat current density~i.e., heat transfer per
unit time per unit cross section! in a diffused regime in one
dimension is given27,26 by j H52KdT/dx, in terms of the
temperature gradient and the thermal conductivityK. For a
quasi-1D metallic nanowire connecting two reservoirs~ .e.,
left-hand side reservoirL and right-hand side reservoirR! the
energy transported by electrons dominates over that trans-
ported by phonons. Under ballistic conditions in the absence
of any net current, the heat current~or the flux of electronic
thermal energy! from L to R, Je depends only on the tem-
perature difference between two reservoirs,DT5TL2TR .
The thermal conductanceKe is the ratio of the total elec-





Recalling that the total heat currentJe5dE/dt, and when a
single carrier moves fromL to R across the wire, an energy
kBTL flows across the junction. In this limit, one can also
assume that the transit time to lie in the range set by the
Heisenberg’s uncertainty principle (dt;Dt), but to maintain
the zero-current condition, one carrier must also flow fromR






Assuming the uncertainty in energy to be of the order of
thermal spread,DE;kBT, whereT5(TL1TR)/2, and com-






Now, invoking the Heisenberg’s uncertainty leads to
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where the factor of two arises from the spin degeneracy. This
expression may well be off by factors of 2,p, etc. The
precise expression for the quantum of thermal conductance
is26 Ko5(p2/3)(kB2/h) T. If we now construct the ratio of









This, apart from a numerical factor, is the statement of the
Wiedemann–Franz law.26,27 It is fascinating that it holds
equally well in the quantum domain.
V. SUMMARY
First-principles based structural arrangement of atoms for
1D structures and the resultant electronic structure enable a
projection for the ideal quantum ballistic transport using
channel capacity arguments. Aluminum atoms may form a
zigzag chain or dual dumbbellsC structure in quasi-1D sys-
tem leading to a maximum of 4e2/h conductance. The chan-
nel capacity is motivated using the uncertainty principle.
Similar arguments support that the Wiedemann–Franz law
holds in the nanodomain.
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